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ABSTRACT 

The low-lying excitations of a quantum Hall state on a disk geometry are edge exci- 
tations. Their dynamics is governed by a conformal field theory on the cylinder defined 
by the disk boundary and the time variable. We give a simple and detailed derivation of 
this conformal field theory for integer filling, starting from the microscopic dynamics of 
(2 + 1) -dimensional non-relativistic electrons in Landau levels. This construction can be 
generalized to describe Laughlin's fractional Hall states via chiral bosonization, thereby 
making contact with the effective Chern-Simons theory approach. The conformal field the- 
ory dictates the finite-size effects in the energy spectrum. An experimental or numerical 
verification of these universal effects would provide a further confirmation of Laughlin's 
theory of incompressible quantum fiuids. 
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1. Introduction 

Laughlin's picture of incompressible quantum fluids is the basis of our understand- 
ing of the plateaus in the quantum Hall effect (QHE) [|| @]. Planar electrons in a 
uniform magnetic field B behave as a rigid droplet of hquid for specific rational values 
of the filling fraction v = 2Txp/B [p =density). For these values, the electrons assume a 
symmetric configuration with uniform density: excitations about such a configuration face 
an energy gap and hence the liquid is incompressible. 

In systems with boundaries, as in the disk geometry we shall mostly consider here, 
the only possible low-energy excitations reside on the edge of the droplet. The edge can 
change shape at constant density, and thus the area of the droplet stays constant. This 
is the semiclassical picture for the infinite symmetry of the incompressible ground state 
under area-preserving diffeomorphisms *. 

Starting with Halperin 0, a number of authors have been studying the dynamics 
of edge excitations Q [jl^ [0. These live in one space dimension, the boundary of 



the circular droplet, and they are chiral due to the external magnetic field. For realistic 
samples, the radius R of the circle is much larger than the typical microscopic scale given 



by the cyclotron radius I = ^/lUcjeB. Therefore, one can study the long-range effective 
theory of the edge excitations. This theory possesses universal properties which can be 
observed experimentally, as in the case of effective theories of critical phenomena. 

In this theory, we are expecting a large symmetry connected to the already mentioned 
infinite symmetry of the ground state. Actually, Laughlin's theory exhibits many 
indications of long-range coherence, which can be accounted for by the presence of a high 



degree of symmetry. The excitations are anyons, particles with fractional statistics [|T3 
Their wave- functions acquire non-trivial phases under mutual exchange, no matter what 
the separation distance [|14| . This is indeed a consequence of infinite conformal invariance 
||15|| of the chiral (1 -|- l)-dimensional theory of the edge excitations. 

Conformal invariance implies algebraic long-range order (power-law behaviour) in cor- 
relators of excitations localized around the edge. Precisely as in the low-temperature phase 
of the XY model, the long-range order should be understood in terms of conformal invari- 
ance and not of spontaneous symmetry breaking [^. We believe that this point of view 



on long-range order is more natural than the one proposed in refs. [|17 



* See also refs. [n] in connection with string theory. 
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Previous studies of conformal invariance and edge excitations in the QHE were based 
mainly on the relation between Chern-Simons gauge theories and conformal field theories 
(CFT) The bulk dynamics of an incompressible fiuid can be described by an 

effective long-range field theory of an Abelian Chern-Simons gauge field. This field is 
the dual vector of the matter Hall current, while the Hall conductivity gives the value of 
the Chern-Simons coupling constant. On a disk geometry, the boundary gauge degree of 
freedom (a chiral bosonic field) becomes physical and describes the edge excitations in a 
bosonic language. 

While this approach leads to an elegant formulation of the edge dynamics, the relation 
between the bosonic edge theory and the original problem of (2 + l)-dimensional non- 
relativistic electrons in Landau levels remains to be clarified. The key idea to this end 
was provided by Stone, who understood that the (2 + l)-dimensional fermion goes into 
a (1 -f l)-dimensional relativistic chiral charged fermion (Weyl fermion), whose Dirac sea 
corresponds to the filled Landau level 0. Here we refine Stone's idea by introducing a 
confining pressure via a novel procedure. For filling u = 1, this allows a straightforward 
derivation of the fermionic boundary theory and its conformal symmetry directly from the 
microscopic physics of the Landau levels. We pay special attention to the details of the 
limiting procedure, including the role of boundary conditions. The resulting edge dynamics 
is a c = 1 CFT describing a Weyl fermion with Neveu-Schwarz boundary conditions ||18|| . 
We also show how to deform the CFT in order to include the gaps for charged excitations on 
a disk geometry. Bosonization leads to the Floreanini-Jackiw model [|T9| of a chiral boson, 
which can be extended by introducing an additional coupling constant. By this procedure 
we make contact with the Chern-Simons approach. The simplicity of our limiting procedure 
leads to a clear picture of the interplay between (2 + 1)- and (1 + l)-dimensional physics. 

While confirming the results of previous investigations [§| [|10| about the charge 
and statistics of excitations, we stress the role of finite-size effects in the physics of the 
QHE. Indeed, conformal invariance on the cylinder (the spatial boundary circle times the 
time coordinate) implies a non-trivial result [^: the 0(l/i?) -terms {R being the radius of 
the droplet) in the energy spectrum are universal. These include both the Casimir ground- 
state energy and the l/i2-corrections to the gaps of excitations. The former represents a 
quantum pressure of the electron liquid and is determined by the central charge c of the 
CFT. The latter are determined by the conformal dimensions of the primary fields. 

The results of conformal invariance for charge and statistics of excitations are in total 
agreement with Laughlin's theory and can be considered an a posteriori justification of this 
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theory based on symmetry principles. The l/i?-terms in the energy spectrum are related 
to the charge and statistics of the excitations. Therefore, their comparison with experi- 
ments and numerical simulations would provide a direct confirmation of Laughlin's theory. 
Moreover, the l/-R-spectroscopy of hierarchical states is a promising tool for uncovering 
their dynamics. 

Our straightforward relation between boundary and bulk theories also helps under- 
standing some works which developed a formal analogy between conformal correlators and 
the Laughlin wave function ||2^] ||2^ ||2^. In short, the conformal correlators are de- 
fined on the boundary circle, but also determine the analytic part of correlators in the 
plane by analytic continuation. Therefore, most of the results obtained from the formal 
analogy are actually correct. The "topological order" ||2^ of the Laughlin wave function 
on a toroidal geometry is due to a well-known interplay between conformal and modular 
invariance on the torus , which has been discussed specifically in refs. . 

The outline of the paper is as follows. In section 2, we review the Landau level problem 
in the case of filling fraction u = 1, and modify the Hamiltonian so as to include the 
boundary effects in a realistic finite sample. In section 3, we discuss the thermodynamic 
limit oo, and derive the (1 + 1) -dimensional theory of the Weyl fermion and its 

conformal invariance. In section 4, we discuss the physical consequences of this theory and 
the universal finite-size effects of the quantum Hall system. In section 5, the bosonization 
of the Weyl fermion is carried out, by using the canonical theory of the chiral boson. In 
section 6, this theory is used to describe the edge excitations of the simplest fractional 
Hall states. A more technical result is presented in Appendix A. This reports a direct 
derivation of long-range order in the density matrix on the boundary. 
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2. Integer Quantum Hall state for a finite sample 



2.1 Landau levels 



We consider spin-polarized, planar electrons of mass m and electric charge e in an 
external, uniform, magnetic field S > (units ^ = 1, c = 1). The one-particle Hamiltonian 
is given by 

H = -^{V-ieAf , (2.1) 

Zm 2m 

where the second term represents the Pauli interaction. Since we shall consider circular 
geometries, we choose to use the the symmetric gauge Ai = ^e'^^x^ , z,j = 1,2 , for the 
external vector potential. The fundamental scale set by the external magnetic field is the 
magnetic length, I = ^J2/eB. In the following, we will make extensive use of the complex 
notation z = -\- zx^, z = x^ — zx^, d = d/dz, d = d/dz. By introducing two commuting 
sets of harmonic oscillator operators 



z 


+ id , 


d^ = 


z 


2l 




2e 


z 


+ id , 


ct = 


z 


2i 




2~e 



id, [d,d^ = l, 

(2.2) 

id, [c,cT] = l, 



the Hamiltonian (|2.1| ) and the canonical angular momentum J = —ix^e^^dj can be rewrit- 
ten as 

H= uj dU, 

. . (2.3) 
J = c' c — d' d , 

where to = eB/m is the cyclotron frequency. Since the operators c and d commute, the 
spectrum consists of infinitely degenerate levels of energy = ojn: these are called the 
Landau levels. The degenerate states in one Landau level are characterized by the angular 
momentum eigenvalue Wave functions ij) of the first Landau level satisfy dip = and 
have vanishing energy due to the additional Pauli interaction in ( p.l|) . A complete basis is 
given by 

Mz.z) = ,^^ e-NV2^\ (2.4) 



i^ Vv. 

Note that the radial part of these wavefunctions is sharply peaked around a radius r/ = i^/l. 
Higher Landau levels basis states can be obtained by repeated action of the operators d^ 



and on tpQ-. 



ni! v?T-! 



i V n{l + n)\ \£J "^yP 



(2.5) 



Here n = 0, 1, . . . labels the energy level, l + n > 0, and -^^^(a:) are the generalized Laguerre 
polynomials [p7| . 

The many-body problem of electrons is described, in second quantization, by the 
Hamiltonian 

^ = i / ^''^ -^jd'^ (2.6) 

with = di + ieAi the covariant derivative and p(x, t) = \E't(x, t)^'(x, t) the particle- 
number density. The field operator \l/(x, t) possesses an expansion in terms of the single- 
particle energy and angular momentum eigenstates 'i/'n,z(x) 



00 00 

*(x,t) = J2Y1 «^Vn,Kx) e-^"'^* . (2.7) 

n=0 l= — n 

The coefficients are fermionic Fock annihilators and creators satisfying 

{a^^\a['^^^ = dr,,mSk,i . (2.8) 

with all other anticommutators vanishing. In the following we will consider mostly the 
physics of the first Landau level, for which the field operator takes the (time-independent) 
form 

00 

^'(x) = ^ ai M^) (2-9) 

1=0 

with V'K^) given by ( p.4| ) and ai = af'K The property di/^i — can be also written as a 
self-dual condition* on the field operator 

L»+^^(x) = (Di -fzD2)^'(x) =0. (2.10) 



* The corresponding condition Z)_^ = would hold for an external magnetic field with the 
opposite sign. 
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2.2 Incompressible ground state 



In the following we are interested in universal, long-range properties of the many-body 
state consisting of one completely filled Landau level on a disk geometry. By this we mean 
a state |0) in which all angular momentum states of the first Landau level are occupied 
up to (and including) a maximal angular momentum L (the total number of particles is 
then N = L + 1): 

|0) = 44... alio) , (2.11) 

where |0) is the Fock vacuum. Since the single-particle angular momentum states are 
peaked around radii ri = iVl, the state under consideration consists of a circular droplet 
of radius approximately given by ~ £^/L , as is rendered pictorially in Fig. 1. This 
configuration is clearly incompressible: a compression of the droplet would lower its total 
angular momentum and face an energy gap u>, since at least one electron would be promoted 
to the next Landau level. The incompressibility is reflected in the spatial distribution of the 
matter. The expectation value of the density is readily computed in the second- quantized 
formalism, 

{m^m = ^e-^/' $:-(-) (2.12) 

1=0 

and is shown in Fig. 2. It is constant for r -C iVL, and drops rapidly to zero around 
r ~ £^/L. Thus incompressibility implies uniform density. Another quantity of interest is 
the expectation value of the current 

J*(x) =^|vE't(x)A^'(x)-(A*(x))tvEr(x)} . (2.13) 

This is easily obtained by combining ( pj.l3[ ) with dip = D^"^ + (Di'^)^'^ and using the 
self-dual condition ( p.lO|) . This gives 

(0|J^(x)|0) = --Le^^d,{Q\p{^)\n) (2.14) 

which is shown in Fig. 3. The current vanishes in the interior, where the density is 
constant; however, the state supports a transverse, circular current around the boundary 
of the droplet. This is the edge current originally discussed by Halperin and gives a first 
indication that non-trivial dynamics is concentrated around the boundary. This boundary 
dynamics will be studied in detail in the following. 
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We must distinguish between bulk and boundary interactions. Here we are not inter- 
ested in the bulk dynamics which creates the incompressible ground state. To understand 
this dynamics, one should consider the microscopic interaction of electrons with impurities 
and their Coulomb interaction, and then solve the strongly interacting problem. Rather, 
we are going to assume that the incompressible ground state is indeed formed. This cor- 
responds to an equilibrium configuration for the bulk interactions with a gap for density 
fluctuations. Therefore, it is reasonable to neglect these in the study of long-wavelength 
edge fluctuations. 

The boundary interaction is described by a flnite-size modiflcation of the one-body 
Hamiltonian of Landau levels. This modiflcation can be obtained by quantization in a 
flnite disk (or annulus) geometry (Dirichlet boundary conditions) 0. However, physically, 
it originates from the external potential due to the neutralizing background which keeps 



the electrons together [|T2[. Both effects lift the degeneracy of the Landau levels near 
the boundary. The angular momentum eigenstates in the flrst Landau level acquire a 
spectrum ei with Aei/Al > for / ~ L. As a consequence, also decompressions, i.e., 
transitions to states with higher angular momentum, cost energy and \Q) is the unique 
ground state. Typically, the cost in energy for transitions of a few electrons from states of 
angular momentum L — 61 to states of angular momentum L + 61, with 61 <^ L, is much 
smaller than the cyclotron energy. These edge excitations constitute the generic low-lying 
excitations about the incompressible state |0). 

For L ^ 1 the spectrum si can be taken as approximately linear in a region around 

L: 

ei = a{l-L)+(3 . (2.15) 

Since this spectrum originates dynamically from the neutralizing background, the coeffl- 
cients a and /3 depend generically on the particle number = L -|- 1. In particular, one 
can consider their expansions in powers of ^/L ~ R/£, where R is the size of the system. 
As we now show, the dynamics of edge excitations is governed by a conformal field theory 
if the region of approximately linear spectrum increases as L — oo and if a possesses an 
expansion 

a=-^ + o(^] . (2.16) 

Here v is the "velocity of light" of the emerging relativistic theory with spectrum e oc vp 
with p = Ij t^JTj the one-dimensional momentum. Taking into account the general expan- 
sion of /3, 

/3 = /3o-^ + of 11 , (2.17) 



the spectrum ei up to order 0{l/y/L) takes the form 



V 



(2.18) 



£71 



with /i a dimensionless parameter playing the role of a chemical potential. 

At this point we must distinguish between a geometry with two boundaries, i.e. an 
annulus, and the disk geometry with only one boundary. On an annulus geometry, the 
parameter /3o becomes irrelevant for all edge excitations since the spectrum si takes the 
generic form shown in Fig. 4. Indeed, by considering Li,L2 ^ 1, L2/L1 = A = 0(1), 
stability requires that the Fermi levels at the two edges can differ at most by terms of 
0{1/ 1\/L2). Therefore, one can reabsorbe /3o by an overall shift in the zero of energy, 
thereby obtaining the spectra 



At each edge there are two types of excitations: neutral particle-hole excitations and 
charged excitations which amount to a transfer of particles from one edge to the other. 
Both are gapless since charge transfer costs only 0{1/ £\/L2) energy. As we now show, 
in the thermodynamic limit Li, L2 —>■ 00 all these excitations span the Hilbert space of a 
c = 1 CFT. This is also the picture that emerges from the effective Chern-Simons gauge 
theory approach ||T0|1. 

The situation is different on a disk geometry. Here the generic spectrum si looks 
as in Fig. 5 and it costs a finite amount of energy to produce charged edge excitations, 
since one has to transfer charge between the edge and the center of the disk. A positive 
charge on the edge corresponds to a quasi-hole in the center of the disk and costs an energy 
/3o + 0{l/i\/L). A negative charge on the edge corresponds to a quasi-particle at the center 
of the disk and costs an energy A — Pq +0{l/i\/L), where A is the gap to the next energy 
band (for = 1 we have e.g. A = u). The gapfulness of the charged excitations spoils 
conformal invariance. However, this is not a fatal problem; as we will show, the c = 1 
CFT is still relevant insofar as it predicts the universal finite-size corrections to the gaps 
and the static properties of correlators on the edge. 
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2.3 Confining pressure via a boundary Hamiltonian 



In order to discuss quantitatively the effects described above, we introduce a confin- 
ing pressure by a novel procedure, wliicli also leads automatically to the mapping on a 
relativistic CFT. We pick a circle of radius R in the infinite plane and we define a new 
Hamiltonian as 

Hr = ^ [ rf^x {D,^)^{D,^) - -L /■ rf2^ eBp , (2.20) 
2m 2m Jj^ 

where the subscript R denotes integration of the radial coordinate only up to R. While 
being defined in the infinite plane, the new Hamiltonian mimics the system in a disk of 
radius R. In this finite geometry, the degeneracy of the lowest Landau level is given by the 
magnetic fiux in quantum units through the disk, $ = R'^/i'^. In the plane and for integer 
filling 1/ = 1, ($ + 1) electrons occupy approximatively a circular region of radius R (see 
fig. 2). We thus relate the number of particles L + 1 to the radius R as follows 

^ = ^ = L + p, L»1,^ = 0(1). (2.21) 

After this identification, let us show that Hji correctly reproduces the realistic spec- 
trum descibed in the previous section. Note that the eigenfunctions '0z(x) of the first 
Landau level in the plane still diagonalize Hn by angular integration. The lowest Landau 
level Fock space is thus unchanged; however the degeneracy is lifted and we obtain the 
one-particle spectrum 

ei = ^ {l-^). (2.22) 

The field operator restricted to the first Landau level \E' in eq.(p.9|) acquires a time depen- 
dence: 

oo 

^'(x,t) = ^ aiM^)e-'''' . (2.23) 

1=0 

The spectrum in eq.( |2.22| ) is shown in Fig. 6 for $ = 10; it becomes approximately 
linear for $ — -\/$ < ^ < $ + V^- The minimum and maximum are located at $ ± v^, 
respectively, and the maximal value of Si is, in first approximation, independent of $ and 
given by £Max — 0.12^. Since ejviax ^ the energies of states in the first Landau level 
are well separated from the energies of states in the second Landau level and, therefore, 
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the first Landau level retains its character*. By using the Stirling formula, the spectrum 
( p:^ ) for L-/L</<L + /L becomes 



.,.^(a-L)-.l, .^^j^. (2.24) 



and we recognize v and n as the velocity and chemical potential parameters introduced 
in the previous section. In this context, the "light-velocity" v has to be considered as a 
phenomenological parameter, its exact value depends on the real confining potential felt 
by the electrons and the value obtained in ( |2.24|) has not to be taken as a prediction. The 



velocity will appear as an overall parameter in the emerging conformal field theory, whose 
universal results will be independent of its exact value. Note also that our approach gives 
a vanishing /3o and is therefore appropriate to describe one edge of the annulus. The gaps 
for charged excitations on the disk geometry will be restored later in section 3. 

The crucial point in our treatment of the confining pressure is that the Hamiltonian 
Hfi in ( p.20| ) automatically reduces to a (1 + 1) -dimensional Hamiltonian for the boundary 
(r = R) values of the field operator ( |2.23| ). To see that these constitute the only degrees 
of freedom we employ an identity recently pointed out in ref. 



(A*)^ (A*) = P+*)^ (^+*) +me'^d,J^ + eBp . (2.25) 

Combining this with the self-duality condition (|2.10| ) for ^ restricted to the first Landau 
level, we see that Hft reduces to a pure boundary term given by 

Hr = 2_y^'^''rf^vl>t(-^)(^a,-^|^vp + c.c., (2.26) 

where x = R6 is the 1-dimensional coordinate on the edge. Note that the Hamiltonian 
density of this "relativistic" (1 -f- 1) -dimensional theory is the transverse component of the 
non-relativistic current restricted to r = i?. 

We thus conclude that our modification of the original Hamiltonian to Hji given in 
( pj.2(J| ) corresponds to introducing a confining potential due to the background; the big 
advantage of our procedure is that it allows for an exact analytic treatment. As a bonus, 
we obtain an automatic reduction from a (2 -t- 1) -dimensional non-relativistic Hamiltonian 
to a (1 + l)-dimensional "relativistic" Hamiltonian. This reduction is the microscopic 
analogue of the reduction in Chern-Simons gauge theories 



For filling = 1 we can neglect the mixing 0(exp( — (i?/£)^)) with higher Landau levels. 
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3. Thermodynamic limit and CFT on the cyhnder 



3.1 Thermodynamic Hmit 

We now study the thermodynamic Umit L = (R/i)'^ — fi ^ oo of the theory describing 
the dynamics at one edge of the Hall sample. In this limit, all quantities in the theory 
will acquire a manifest (1 + 1) -dimensional relativistic form and we shall find conformal 
invariance by explicit derivation of the Virasoro algebra. In eq.( |2.26| ), we already derived 
the (1 + l)-dimensional Hamiltonian. However, it is not obvious that the field operator 
\E' (r = i?) reduces in the limit to the correct expansion for a relativistic theory. Nonetheless 
this is indeed the case, as we now discuss. 

We first notice that the theory defined by the Hamiltonian (|2.20| ) contains both an 
ultraviolet cutoff i and an infrared cutoff R, which are tied together by the particle num- 
ber L ~ (R/i)'^. The restriction to the linear range \l — L\ < \/L of the spectrum 
El in eq.( p.24|) amounts to the ultraviolet cut-off for the one-dimensional momentum 
\p\ = \{l — L) / R\ < 1/i , which becomes irrelevant in the limit R —>■ oo. In this limit, the 
Fock space of the operators ai^aj , for angular momentum states can be identified with the 
Fock space of a relativistic (1 -|- 1) -dimensional fermion. Similarly, the filled Landau level 
becomes the Dirac sea for the relativistic fermion 

To study the behaviour of the field operator, it is convenient to shift variables as 
follows, 

bi = ttL+i , ^2 

1/4 



When evaluated on the boundary, the field operator p'^^^^^^ acquires the form 



(3-2) 



/p\2L+2Z+l 

R2 = {L+^i)l- 



In this expansion, the coefficients are approximated by Ci ~ exp(— (/ — (u)^/2L) for L ^ oo. 
Since the width of this gaussian is vT, the Ci give a smooth ultraviolet cutoff to the sum 
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over which is hmited to the range \l\ < \fL — R/i of Unear energy ( p.24 ). In this range 



the wave functions have the correct (l + l)-dimensional form which ensures orthonormahty 
in the Hilbert space on the circle. Note that to leading order for L ^ oo, we can remove 
this cutoff which would give subleading contributions 0{l/y/L) = 0{£/R). (This will be 
explicitly checked in section 4). Therefore, we obtain the approximate field operator 



+00 



^«(^'^)= E ^ e^(^-)(^-*^) . (3.3) 
t=— 00 

In terms of the field F^, the boundary Hamiltonian introduced in the previous section, 
eq.( |2.26|) , takes the form 

p2TrR , 

Hr = ^ dxFl {-id^) Fr + c.c. , x = Re. (3.4) 

^ Jo 



Eqs. (|3.3|) and ( p.4|) are the field and the Hamiltonian of a relativistic chiral charged 
fermion* (Weyl fermion), moving with "light- velocity" on a circle of circumference 2'kR. 

A non-trivial aspect of the thermodynamic limit is the role of the chemical potential 
/U. Eq. (|3.3|) allows a continuous spectrum of boundary conditions 

Fr{9 + 27r)= e-'^^^ Fr{9) (3.5) 

parametrized by the fractional part of /i. Such general boundary conditions are possible 
for the Weyl fermion , and affect the spectrum of the theory, as we shall see later. The 
two cases mostly considered in string theory are called: 

i) fx = 0: Ramond (R), or periodic b.c. on the circle; 

a) fj, = Neveu-Schwarz (NS), or anti-periodic b.c. on the circle. 



3.2 Conformal Field Theory on the Cylinder 

Conformal transformations in (1 + 1) dimensions are analytic reparametrizations of one 
complex coordinate. A distinctive feature of a conformal invariant theory is the possibility 
to express all quantities as analytic functions of this complex coordinate, call it r] |]15| . This 
variable parametrizes an Euclidean space-time plane. Our theory, given by eqs.(|3.3|) and 
( p.4|) is defined on the Minkowskian cylinder {R9, t) made by the circle and the time 

* The chirality is determined by the sign of the external magnetic field B. 
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coordinate. By rotating to Euclidean time t = —ir, we identify the conformal coordinate 

as 

77 = e^('^"+*^^) , Arg ?7 = Arg z , (3.6) 

where z parametrizes the original plane of the electrons. This mapping relates the cylinder 
with the conformal plane 77, such that its unit circle jryl = 1 corresponds to the edge \z\ = R 
(see Fig. 7). 

The field operator (|3.3|) is anti-holomorphic in this variable, 



+00 



Fnif]) = -^L= y r^-^+z^-i hi = F(f]) . (3.7) 

<=— 00 



Similarly, one finds 



-1 +00 _i 

In these equations, we stripped off an additional term in order to make contact with the 
standard notation of CFT [|18[ . The equations of motion now coincide with the analyticity 



condition = 9^ = 0, and the Hamiltonian and U{1) current densities are also chiral 



pnir]) = fIfr 



HR = -^^dr] HRiv), nR{f,) = I {o^fIfr - FldrjFR ) 



(3.9) 



The following table clarifies the meaning of these two densities in (2 + 1) and (1 + 1) 
dimensions. 

Non - rel. (2 + 1) Rel. (1 + 1) 

Pr charge density chiral current 

Hr transverse current stress tensor T{f]) 

We now compute the chiral algebra of this field theory. To this end, we define the 
charges 

Pn = J^ df] PR{f}) fj 



Ln = — 4> drj HRirj) rj 



(3.10) 



The charges pn and generate local gauge and conformal transformations. Global trans- 
formations are generated by po and {L_i,Lo,Li}. Note that the total charge operator 
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and the Hamiltonian of the (1 + 1) -dimensional relativistic theory are given by po and 
Hfi = -^Lq, respectively. The dimensionless Hamiltonian Lq of CFT will describe the 1/R- 
dependence of the spectrum of edge excitations. By using the field expansions ( |3.7| )( |3.80 
in eq.( p.lO| ), we obtain 

+00 

'=-^ (3.11) 

l= — oo 

Clearly, po s-nd Lq have to be regularized with some normal ordering prescription. To this 
end, we note that, with the notation introduced in (|3.1| ), the original filled Landau level 
state |0) is defined by 

bi\n) = 0, z > , 



(3.12) 



bl |0) = 0, / < , 

and thus becomes the filled Dirac sea for the relativistic field theory of edge excitations. The 
normal ordering prescription for this ground state is obtained by writing the annihilation 
operators hi {I > 0) and bj {I < 0) to the right-hand side of the creation operators bj 
(/ > 0) and bl (/ < 0). This prescription amounts to an infinite subtraction, therefore finite 
normal ordering constants should be included in po and Lq, and they are fixed by algebraic 
conventions as follows. 

The normal-ordered charges pn and Ln satisfy the following chiral algebra 

[Pm Pm] = n Sn+m,0 , 

[Ln.Pm] = -m Pn+m , (3.13) 
[Ln, Lm] = in-m) L^+m + Y2 '^^^ ~ ^n+m,0 , C = 1 . 

(The explicit computation is described for example in ref. ||3^). The first algebra in ( |3.13| ) 
is the U(l) Kac-Moody algebra for the generators p^ of local gauge transformations; the 
third algebra is the Virasoro algebra for the generators L„ of local conformal transforma- 
tions. As is well known, the central extensions in these two algebras come from quantum 
effects associated with the infinite Dirac sea in the thermodynamic limit. The coefficient 
of in the Virasoro algebra does not depend on the finite normal-ordering constants and 
determines the central charge c. The latter is found to be c = 1, as it should be for a Weyl 
fermion. Instead, the coefficient of the linear term in the Virasoro central extension can 



be shifted by redefinitions of Lq by a constant. The convention in (|3.13| ) is standard and 
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fixes the value of Lo|0). Tlie value of pol^) is fixed by the requirement of the absence of 
an anomaly in the mixed commutator. Altogether, the properties of the ground state are 
summarized by 

L„|0, /x) = , /U) = , 71 > , 

/I p^-p\ fl \ (3-14) 

Note the dependence of the ground state on the chemical potential p. In the thermody- 
namic limit, the filled Landau level is a highest-weight state of the (c = 1) chiral algebra 
( P.13|) with charge Qo = \ — p and conformal dimension /to = | + ^(a*^ "~ A*)- the next 
section, we shall determine the value of p. Given that represents the original filled 

Landau level state, we recognize (|3.14| ) as the algebraic characterization of the incompress- 
ibility of this state. It can be shown [31| that the highest- weight conditions ( |3.14|) are 
equivalent to the VFoo-symmetry conditions recently discussed in ref.Q. 

Local conformal and gauge transformations, generated by the charges and pm, 
are dynamical symmetries of the theory. This is refiected in the fact that the charges 
and pm do not commute with the Hamiltonian Lq; this non-commutativity is, however, 
compensated by the explicit time-dependence of the charges Ln and pm- Indeed, this is 
such that 

(3.15) 

. 

This is sufficient to guarantee that all states in the theory fall into highest-weight repre- 
sentations of the chiral algebra ( |3.13| ), characterized by the eigenvalues h of Lq (conformal 
dimensions) and Q of po (charge). Such states are generated from the ground state by the 



dLr, _ 
dr 


dr 


+ 


V 

R 


dpn _ 


dpn 


+ 




dr 


dr 


-n 



action of primary fields Vh,Q'- these specify the operator content of the CFT [|T5| [p!8| 



3.3 Operator content of the CFT 

To extract the operator content of our theory, we compute the grand-canonical parti- 
tion function on the torus obtained by compactifying the Euclidean time. 



vT\ ' (3-16) 



q = exp 
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where T is the Euchdean time period and w the fugacity. The factor ^ in the exponent 
is the Casimir energy which wiU be discussed in detail in the next section. Z{q,w) is 
readily computed with standard statistical mechanics techniques, once we realize that our 
relativistic theory describes "electrons" with spectrum (n — /u) (n > 1), and "positrons" 
with spectrum (n — (1 — /x)) (n > 1), as is clear from 

oo 

Z{q,w) = gT2+^(M'-M) ^^-M Y[{l + w q''-'') (l + w;-^"-^^-'^)) . (3.17) 

n=l 

This expression can be further simplified by using the following version of the Jacobi triple 
product identity p7|] : 



n=l n= — oo 



Indeed, use of this identity leads to the final result: 



2 



(3.18) 



^ oo 

Z{q,w) = -r^ 5^ qh{^+h-^^T ^ (3.I9) 

' n= — 00 

where 77(g) denotes the Dedekind funtion 

00 

77(g) = gA J] (1 - g-) . (3.20) 

n=l 

The partition function contains two basic factors. The factor l/r]{q) represents the con- 
tribution from neutral particle-hole excitations across the Fermi level; the second factor 
is a sum over charged sectors which are in one-to-one correspondence with the primary 
fields Vh„.Q„ ■ The exponents of g and w give their conformal dimensions * and charges, 
respectively: 

1 / 1 



K = - 71+--^ 

^ V ^ / (3.21) 
Qn = n + -- ^ . 

Note that from the point of view of the CFT the integer part of n is irrelevant since 



it can be reabsorbed by a shift of the summation index n in eq. (|3.19|) . Only the fractional 



Degenerate representations for c = 1, having dimensions h = A; G Z, never arise here. 
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part of n is relevant, since it determines the boundary conditions. Actually, we are now 
going to argue that fi is dynamically fixed to be 1/2. 

To this end we first note that the confining potential and the non-degenerate spectrum 
El arise from the neutralizing background. Moreover, as we show in the next section, 
the renormalized charge operator po is the physical charge, since it correctly couples to 
additional electro-magnetic fields, thereby leading to the measured Hall current. Therefore, 
the ground state should be a neutral eigenstate of po- We thus conclude that fi dynamically 
self-tunes to the value 

/X = ^ . (3.22) 

This implies that the ground state = |n, /U= ^) is S'L(2, C) invariant, since it is 
annihilated by all three generators of global conformal trasformations, Ljt|n) = , k = 



— 1, 0, 1 . It implies also the absence of spin fields ||3^ from the spectrum of the CFT. 
With fj. = 1/2, the conformal dimensions and charges of the primary fields reduce to 

K = , 

2 (3.23) 

Qn = n . 

Every one of these primary fields can be obtained by operator product expansion of the 
two basic fields Vi _i = F and Vi , where F, Ft are the fermion fields previously 

introduced in eqs. (|3.7|),(|3r^). We thus conclude that the theory describing the dynamics 
of the edge excitations in the thermodynamic limit is the c = 1 CFT of a Weyl fermion 
with Neveu-Schwarz boundary conditions. 

The Hall system on the annulus geometry can be described by taking a copy of the CFT 
for each boundary. The one-particle spectrum for the annulus of radii R2 described in 
section 2 (see Fig. 4) can be reproduced in our approach by the Hamiltonian 



H 



R,,R2 = IT- f d'x((A^)^(A^)-i?p) = Hr,-Hr, , (3.24) 

where Hr^ and Hr^ are two copies of the previously discussed Hamiltonian. For 
R2 — Ri — 00, the one-dimensional Hilbert spaces at each edge are coupled only by overall 
charge conservation. The total partition function is thus given by 



1 1 2 

-Z^annulus = / x TTT / ^ {QQ) 



2- 



(3.25) 

V2T\ _ f viT^ 
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While neutral excitations at the two edges remain independent, charged excitations require 
the transfer of particles from one edge to the other. 

3.4 Deformed CFT on the disk geometry 

As emphasized in section 2, on a disk geometry the charged excitations acquire a gap 
that spoils conformal symmetry. Nonetheless, much information can be extracted from 
the CFT derived in the preceding sections. The crucial point is that po is a Casimir of 
the chiral algebra ( |3.13| ). Therefore one can modify the Hamiltonian by adding to it any 
function of po without changing the Hilbert space of the theory. We can add the gaps by 
hand with the following redefinition: 

Hn^H^ = ^Lo + 7(po) , 7(n) = | ^J^^' _ ^^^^ ^ " ^ (3.26) 

In any irreducible representation of the chiral algebra with charge n the additional piece is 
a multiple of the identity. The infinite charges pn and are still (dynamically) conserved 
with respect to the modified Hamiltonian Hn as in eq.( p.l5| ). Therefore it still makes 
sense to label states of the Hilbert space according to the eigenvalues of these charges. 
The resulting deformed CFT is fully consistent. Its partition function is given by 

^d.sk - ZTTy E ^^'^'^^^^^^ • (3.27) 

The "conformal part" vLq/R of the Hamiltonian Hji determines the universal 1/R- 
corrections to the non-universal gaps /3o and (A — (3o). 

Note that the presence of gaps on the disk geometry has been somewhat neglected 
in the literature on edge excitations. In particular, the effective Chern-Simons theory 
approach applies, strictly speaking, only to fully gapless geometries like the annulus. 
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4. Integer Quantum Hall Effect: the CFT point of view 



In this section, we shall explore the implications of the CFT derived in the previous 
section for the physics of the u = 1 quantum Hall effect. Clearly, this effective theory 
describes only some properties of the quantum Hall states; however, conformal invariance 
implies that these properties are universal. 

4.1 Finite-size spectra on the disk geometry 

In section 3 we have explained how all quantities of the CFT on the cylinder can be 
obtained from the corresponding quantities on the plane rj by the conformal map ( ^.61 ). In 
the case of the Hamiltonian, however, we did not pay attention to normal ordering effects 
in eq.( p.lO| ). The correct Hamiltonian on the cylinder is given by 



The additional term depends on the central charge of the theory and is called the Casimir 
energy. It arises from the mismatch of normal ordering procedures on the plane and on 
the cylinder. 

Suppose we have computed the ground-state energy of the u = 1 quantum Hall state 
in the disk geometry of radius R. The finite-size expansion of this energy will be generically 

Eo = ^«2+ ^ai+ -ao+ + ;^a-2 + ■ ■ ■ ■ (4-2) 

In this equation, i is the magnetic length (the ultraviolet cutoff) and an are dimensionless 
coefficients that can depend on i, the electron mass m and other parameters of the micro- 
scopic Hamiltonian. The leading term gives a finite energy per particle since {R/t}"^ is the 
number of electrons. The other terms are subleading in the experimental regime of large 
flux through the sample, $ = (R/i)'^ ^ 1. On the other hand, the result of the CFT is 
given by eq.( [4.1|) combined with Lo\Q) = 0: 

Eo = (0|if^|0) = -^1 . (4.3) 

Actually, in the CFT the terms 02 , ai and ao have been put to zero by the infinite sub- 
traction of normal ordering. The terms a-2, ct-a, • • ■ represent the higher order corrections 
for R —>■ 00 neglected in the thermodynamic limit of section 3. Therefore, CFT leads to the 
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prediction a_i = — The discussion of section 3 shows that this prediction is universal 
because it is independent of the details of the confining potential. The velocity f is a free 
parameter; it can be determined from the spectrum of excitations as we discuss hereafter. 
Note that the CFT prediction is a subleading correction to the bulk properties discussed 
by Laughlin [|12| and verified in boundaryless geometries ^3 . 
The Casimir energy implies a universal term 

P = A . (4-4) 

4871 ' ^ ' 

in the pressure P of the electron liquid. An independent measurement of the electron liquid 
pressure and the effective velocity v of edge excitations, might thus provide an experimental 
verification of the CFT. Another possibility is the measurement of the contribution of the 
Casimir energy to the specific heat ||^. 

In order to illustrate the finite-size expansion (|4.2|) , let us compute the ground state 



energy Eq directly by using the spectrum (|2.22|) . This gives 

^o = Ef^('-*) = -r-* — • (^-5) 

1=0 

Using $ = {R/(-Y = L + \ (/^ = i)^ a^^d Stirling's formula 

1 „ / 1 



L! = L-e-^ (^1 + — + 0(^^jj , (4.6) 

we obtain the expansion of Eq : 

As expected, the l/i2-term is in perfect agreement with the prediction of the CFT. 

A further result of the CFT is that excitations about the incompressible filled Landau 
level state can all be classified according to representations of the chiral algebra ( |3.13|) . 
As we discussed in section 3, there are two types of such excitations: neutral particle-hole 
excitations (edge excitations), and charged excitations. The charged excitations are in 
one to one correspondence with the primary fields of the chiral algebra, and are identified 
with the quasi-hole and quasi-partide excitations of Laughlin's theory. The spectrum of 
excitations can be extracted from the partition function (|3.27| ) : 

AE^,k ^ i?n,fc -Eo = 7(fc) + ^ + 9 ' ^^-^^ 
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with n, /c G Z and < n <^ \[L . The second term is the universal l/i?-correction to 
the gap and is determined by the conformal dimension = of the primary fields. 
Conformal invar iance implies that this is the same for quasi-particles and quasi- holes. The 
third term is the spectrum of neutral edge excitations in any given charged sector labelled 
by k (the conformal family). 



Numerical simulations in the disk geometry were carried out in refs. ||3J] |jTT 



The authors of refs.|35][ll] concentrated on neutral edge excitations in systems of inter- 
acting electrons. These studies show a good agreement with the multiplicities predicted 
by conformal invariance (the l/ry-term in the partition function (|3.27|) ), but did not yet 
verify the linear relativistic spectrum. Finite-size effects in the spectrum were addressed in 
ref. ||3^; unfortunately, the numerical precision is not yet sufficient to allow a quantitative 
comparison with our predictions. It would be most interesting to improve these analyses. 



4.2 Monodromies and statistics of excitations 

An important consequence of CFT is that it predicts the monodromies of the pri- 
mary fields. Through analytic continuation, these determine then the statistics of the 
quasi-particle and quasi-hole excitations. The identification between CFT correlators and 
physical wave functions is done at t = 0, and involves therefore only static properties of 
the CFT. The deformation of the CFT discussed in the previous section is not relevant for 
the following discussion of monodromies. 

Let us compute the conformal correlators of two primary fields at points ryi and 772: 

{n\blbUFin^)Fir^2m) = {m - m) , 

{n\hb2F'f{r]i)F'f{f]2)\n) = (771-772). 

Note that charge conservation requires the ground state of charge =f2 on the left-hand 
side of these expressions. By applying the conformal map ( p.6| ), and restoring the factors 
extracted in ( p.l|) (|3.70 (|3.8|), we obtain the wave- functions of the corresponding quasi-hole 
and quasi-particle excitations, located in the physical plane at zi = Re^^^ and Z2 = Re^^^ : 



o™2 _ gJf 1 



V2Tr^Re 

{n\bL+lbL+2^HRe'^')<i/^Re'^')\n) = J- ^-^{L+l){B^^B2) ^^-^0^ _ ^-^82^ . 

V2Tr^RI 

(4.10) 
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It is easy to check that this is exactly the result one would get by direct computation of the 
same quantities using the original field operator of the Landau levels. In particular, the 
monodromies ( ^TP] ) determine the analytic parts {ziZ2)^~^ {z2— zi) and (^1^2)^"'"^ (21—^2) of 
the quasi-hole and quasi-particle wave-functions and, therefore, also the fermionic statistics 
of these excitations. The fact that we are dealing with a c = 1 CFT guarantees the 
polynomial character of multi-excitations wave-functions; this ensures in turn that these 
excitations carry Abelian statistics. 

The above computation clarifies the formal analogy between conformal correlators and 



Laughlin's wave-functions pointed out by several authors |j2^ [|2J] . The conformal 

correlators are defined only for r = R. However, by analytic continuation, they determine 
the analytic part of the excitation wave-functions of the full (2 + 1) -dimensional non- 
relativistic theory. Therefore, the correlators of the CFT are indeed sufficient to fix the 
statistics of the excitations. However, we stress that the main relation is between conformal 
correlators and excitation wave-functions, not Laughlin's ground-state wave-functions. 



4.3 Long-range order on the boundary 

Conformal invariance dictates the form of the two-point function of primary fields of 
conformal dimension h. This has the power-law behaviour 

(0|Ft(r?i)F(r72)|0) = , \ , /i = ^ . (4.11) 

We can easily obtain the corresponding two-point function of the CFT on the cylinder by 
applying the conformal map ( |3.6| ) and restoring factors as in ( [4.10| ). We thus obtain the 
density matrix for points on the boundary: 



(Q\^^iRe'^^)^iRe'^') 10) = J ^ e'^i02-e^) _ r^ -^^^ 

\ I V J K ) \ I Y ^^2 2txR e*^2 _ ^ > 

This implies that the filled Landau level state |0) supports algebraic long-range order on 
the boundary, i.e. the absolute value of the density-matrix for points on the boundary at 
r = i? is proportional to the inverse of their distance (in the (2 + 1) -dimensional sense). 
This long-range order is characterized by the exponent 2h = 1, h being the conformal 
dimension of the primary fields entering the density- matrix. In Appendix A, we check that 
this non-trivial result can be also obtained directly from the Landau level expression of 
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the density matrix by a rather involved computation. This confirms further the vahdity of 
the predictions of the CFT. 



4.4 Hall current in the annulus geometry 

We now derive the Hall current from the (1 + 1) -dimensional point of view. To this 
end we consider the theory at one edge of the annulus, say the outer one, and we add a 
flux tube at the center: 

6B = 2n $0 S^^\x.) . (4.13) 

In our circular geometry, the appropriate choice of gauge to describe this additional mag- 
netic field is 

5A, = $0 e^' ^ . (4.14) 
1^1 

Accordingly, the one-particle Hamiltonian ( |2.1|) is modified to 

H = — — {V -ie{A + 6A)f - —{B + SB) , (4.15) 
2m 2m 

The normalized energy and angular momentum eigenstates of this new problem are 

^n,i = e^^"^"^ , (4.16) 



where t/^n,! are the Landau level wave- functions (2^). While the energy eigenvalues oon 
corresponding to i(^n,i are unchanged, the angular momentum eigenvalues are modified 
to (/ -f e$o)- Following all the steps that led to (|3.3| ) and (|3.4|) ,we find the following 
modifications due to the additional fiux tube SB: 

Hr = - dx Fj^ {-id^ + e5A,) Fr + c.c. , 

^ (4.17) 

$n - • *o 

- --^ , Fr = e^^- Fr . 

We now allow $o to vary in time; this corresponds to a transverse electric field 
-E* = dtAi = $oe*"'3;-' |xp, which reduces to a (1 + 1) -dimensional uniform electric field 

E = dt5A^ = ' (4-18) 

on the boundary at r = i?. The effective theory ( [1.17| ) describes therefore a (1 + 1)- 
dimensional Weyl fermion coupled to an external electric field. As it is well-known, such 
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a theory is affected by the chiral anomaly [^|, which amounts to a violation of charge 



conservation due to the external electric field. In the formulation ([4.17| ), the origin of 
this phenomenon is hidden in the time-dependence of the normal ordering procedure. 
However, the anomaly can be exposed by performing a time-dependent transformation to 
the SAx = gauge. In this gauge, we recover the previous field operator Fu; the price for 
this is, however, an additional piece proportional to the density in the Hamiltonian: 



Hr = - dx Fj^ {-idx) Fr + c.c. + dx eMo pr 

^ Jo Jo 

5Ao = —X , E = -dj,Ao . 

JrC 



(4.19) 



We can now compute the time-variation of the normal-ordered density pr by simply com- 
muting it with the Hamiltonian Hr. The commutator of the first term in Hr with pR is 
fixed by the second algebra in ( p.l3| ) and gives {—vOxPr); the commutator of the additional 



term in Hr with pR is determined by the first algebra in (|3.13| ). It is non- vanishing due 



to the central extension in this Kac-Moody algebra and leads to the anomaly equation 

{dt + vdx)pR = ^ E . (4.20) 

This equation tells us the rate of production of particles by the external electric field: 
dtQ = eE. From the (1 + 1) -dimensional point of view, this charge pops out from the 
Dirac sea (spectral flow picture), which is an infinite reservoir. The identification of the 
Dirac sea with the quantum Hall droplet allows then to interpret the anomaly as a radial 
flow of charge through the boundary at R, i.e., a Hall current 

P = — t'^E^ . (4.21) 
27r 

Note however that in the (2-|-l)-dimensional non-relativistic theory there is no net anomaly. 
The charge fiowing through the outer boundary is provided by the inner boundary, and 
thus the anomalies of the CFTs at the two edges cancel each other. 
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5. Chiral boson and its canonical quantization 



It is well known that a Weyl fermion is equivalent to a free chiral boson [^. The 
free fermion and the free boson give two equivalent representations of the chiral algebra 
discussed above. However, the free boson theory is more convenient because it can also 
represent other c = 1 CFTs, which correspond to interacting fermions. In the next section, 
we shall apply these to the fractional Hall effect. 

There are two basic approaches to studying chiral c = 1 CFTs. One is based on 
the field operator algebra and conformal representation theory; the other is canonical 
quantization based on an action. In the first approach, it is consistent to consider one 
chiral sector of the usual Klein- Gordon field, and to construct a set of primary fields which 



is closed under operator product expansion [jT^. There are many consistent sets of fields 



with both integer and fractional conformal dimensions. 

As it will become clear in the following, we need an action formulation in order to 
fix the field content for fractional Hall states. Previous canonical approaches turn out to 
be insufficient for our purposes. The Siegel action, quantized in ref. describes CFTs 
with integer dimensions only. A better candidate is the first-order action of Floreanini 
and Jackiw [jl^. By quantizing it on a compact space, and by introducing and additional 
coupling constant k, we shall obtain sets of fields with fractional dimensions appropriate 
for the fractional Hall effect. 

Consider a real boson (p{x,t), living on a circle of length 2tcR, and with dynamics 
governed by the action 

S = -— dt dx {dt + vd^) (P d^(P , (5.1) 

47r Jo 

where v is the "light- velocity" . By rescaling the space-time variables as X — > RO, t — > Rt, 
we can write the corresponding Hamiltonian in the form 

Hr = —Lq , 

.27r (5.2) 

Lo = ^ de {de(Pf , 



47r JO 

where Lq is again the dimensionless Hamiltonian of CFT. 

Since the theory is defined on a compact space, special care is needed in treating 
boundary conditions. We impose boundary conditions 

(/>(27r, t) - (/)(0, t) = -2nao , (5.3) 
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parametrized by a time-independent constant ao- As a consequence, the real boson (j) 
has to be considered as an angular variable, compactified on a circle, and ckq becomes 
correspondingly quantized, as we discuss below. By considering variations that preserve 
I) , we find that the action is minimized by fields that satisfy the equation of motion 



{dt + vde) de<l) = 0, (5.4) 

with boundary conditions 

de(pi2n,t) = de(p{0,t) , 

(5.5) 

(dt + vde) <P{27T, t) = {dt + vde) m t) ■ 
The general solution of the equation of motion ( |5.4|) can be written as 

t) = f{e-vt) + g{t) . (5.6) 



Here, g{t) represents the gauge degree of freedom corresponding to the invariance of the 
action ( pTl| ) and the Hamiltonian (|5.2| ) under cj) cj) -\- \{t). Since it does not represent a 
physical degree of freedom, we discard it by imposing the gauge condition 

{dt + vde) (/) = . (5.7) 



In this gauge, the general solution of ( |5.4D compatible with the boundary conditions ( |57^ ) 
and (|5T3|), is given by 



— e 

n 



^in(6—vt) 



n/0 (5.8) 



Upon quantization, the coefficients (^o, «o and an of this expansion become operators 
acting on a bosonic Fock space, whose vacuum |0) is defined by 

an\n) = ,n > . (5.9) 

The commutation relations of these operators are inferred from the corresponding com- 
mutation relations of the field (p as follows. The action (|5.1| ) is of first order in time 
derivatives, and, therefore, the canonical momentum is completely specified in terms of 
the field (p and its space derivative. Nonetheless, there is no need to resort to the Dirac 



formalism to quantize the theory, as was recently emphasized by Faddeev and Jackiw . 
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The canonical commutation relations can be simply read off from the symplectic structure 
evident in the action (|5.1|): 

[(f){9, t),(j){6\ t)]= i- e{9 - 6') . (5.10) 
n 

These imply the commutation relations 

[«o, M= — : 

5f (5.11) 

K 

for the coefficients of the expansion ( [5.81 ). In terms of these operators, the Hamiltonian 
( ^.2|) takes the form 

CO 

^0 = + a-nttn ■ (5-12) 

n=l 

Note that this expression has already been normal ordered, by writing all the Fock space 
annihilators to the right. In analogy with ( p.lO| ), we also define the charges L^, for n 7^ 0, 
by taking moments of the Hamiltonian density (|5.2|) : 

^ l= — oo 

By using the commutation relations ( |5.11|) , we finally obtain the chiral algebra of the 
bosonic theory: 

r 1 _ A 

K 

[Ln,a.m] = -m an+m , (5.14) 

This shows that the central charge is c = 1. 

In the following, we show that consistency of quantization forces k to be rational. 
Let us write k = p/q, with p and q coprimes integers, and choose p > q without loss of 
generality. From the boundary condition ( |5.3| ), (p{9) is a topologically non-trivial mapping 
of the circle to itself. We then choose the compactification radius of (p as 27r/p, 

t) ^ c/>{9,t) + — , (5.15) 
p 
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which leads to the quantization condition 

ao = - , n e Z . (5.16) 

P 

Since nao is the canonical momentum conjugate to (pQ, it follows that (pQ is an angular 
variable of range [0, 27rq']. This is also consistent with (p{0,t) being an angular variable of 
range [0, y^], due to the rationality of k. 

We are now ready to discuss the operator content of the bosonic theory. We first 
identify ao with the total electromagnetic charge (this identification will be justified in 
detail below). Then we compute the grand-canonical partition function 

Ziq,w) = Tt q^°-^ , (5.17) 

with q and w defined as in ( p.l6|) . Standard statistical mechanics techniques give 

1 °° 2 

Z{q,w) = —— y, q^ wp , (5.18) 



where r]{q) is the Dedekind function ( p.20|) and we have used the quantization condition 



( ^.16|) . For pq ^ 2A^^, the conformal dimensions* and charges of the primary fields are 
thus 



2 

hn — 

2pg 

V 



(5.19) 



The primary fields are the Fubini-Veneziano vertex operators 

Vfi{j]) = : e^^*^^^) : , (5.20) 
where f] is the conformal variable in eq.( p.6| ). These satisfy 



[q;o, Vfl] = - 



(5.21) 



confirming that is a primary field of conformal dimension hp = [3 /2k and charge 
Qp = (3/ K. To obtain the primary fields of our theory, we have, therefore, to restrict (3 to 



For pq = 2N'^ we face the problem of degenerate representations of the Virasoro algebra, and 



more care is required in extracting the conformal dimensions of the primary fields |18]. 
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the values /3„ = n/q. For later convenience, we recall the operator product expansion of 
vertex operators: 

VpAm)VpAm) = im-mf'^'^^ VpMWpAm) ■ (5.22) 

We now discuss the special case k = 1. For k = 1, the operator content ( ^.191 ) of the 
bosonic theory coincides with the operator content ( |3.23| ) of the fermionic theory which 
describes edge excitations. In particular, the fermion fields are expressed by the bosonic 
vertex operators V±i, since both are the primary fields of conformal dimension 1/2 and 
charge ±1 in the respective representations: F = V-i , = V+i. By using ( |5.22D , one 
actually verifies the Minkowskian anticommutators 

{v±^{ei-vt),v±i{e2-vt)} = 0, 

(5.23) 

{V-iiei-vt),v+i{e2-vt)} = 2716(61-62). 

The charge density on the cylinder pn =: Fj^Fn : can be accordingly expressed in terms of 
the bosonic field. Normal ordering can be implemented by subtracting the short-distance 
divergent part in eq.( ^.22|) , thereby obtaining 

PR= -^d^<P, (5.24) 

which, in turn, implies the mapping p„ = . In particular, the total charge po is 
represented in the bosonic theory by cto, which justifies the previous identification. 

Having identified ~^dx(p with the fermionic charge density pn on the cylinder it is 
easy to couple the chiral boson to U{1) gauge fields. This is accomplished by adding to 
the action (|5.1| ) the additional piece 

p+oo j'2-KR 

AS=— dt dx {Atdx<l> - A,dt<j)) . (5.25) 

J-00 Jo 

This coupling is Lorentz and gauge invariant (note that only A^'s are changed by gauge 
transformations). Since the fermion current density is also p/j, due to the chiral nature of 
the theory, eq.( |5.25|) reduces to the standard coupling —A^J^ in the physical gauge ( |5.7|) . 
The equation of motion is changed to 

{dt + vdx)(^-^dx^ = (5.26) 

with E = dtAx — dxAf the electric field. For = 1 it reduces exactly to the chiral anomaly 
( [4.20| ) of the fermionic representation. 

We thus conclude that the c = 1 CFT describing the edge dynamics of one completely 
filled Landau level admits a bosonic representation. This can be easily generalized by 
varying the rational parameter k. 
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6. Fractional quantum Hall effect 



In this section, we address the physics of a fractionally filled Landau level. Our 
approach is as follows. We suppose an incompressible ground state is formed at a rational 
value z/ < 1. Specifically, we consider the Laughlin states at v = 1/m, m odd integer. 
In these cases there exist short-range interactions such that these states are the exact 
incompressible ground states 0. Next, we assume that the universal long-range properties 
of these states can be described by a c = 1 CFT of interacting fermions, or equivalently, 
by the chiral boson theory of the previous section. Presently, we are not able to derive 
directly this CFT by applying the limit on the boundary of section 3. Nevertheless, some 
symmetry arguments support our assumption. 

First, we can argue on general grounds that incompressibility in the bulk should 
amount to conformal invariance on the boundary, i.e. the ground state satisfies the highest- 
weight conditions (|3.14| ) {fx = 1/2). Indeed, in the case u = 1 these conditions are equiv- 
alent to the area-preserving (VFoo-symmetry) conditions of the bulk theory studied in 
ref.|p. There we showed that the u = 1/m Laughlin ground states also possess the same 
symmetry; therefore we can expect again conformal invariance on the boundary. Secondly, 
we expect that the central charge is again c = 1. Qualitatively, we know that the neutral 
excitations at u = 1/m with short-range potentials are the same as in the u = 1 theory. 
Following Laughlin, we only expect a modification of the charged excitations, which should 
have Abelian statistics. 

Actually, Laughlin's results can be derived on the single assumption of central charge 
c — 1. To this end we consider the bosonic representation of section 5 and we identify the 
operator content for a given m as follows. We first notice that the Hall current for a state 
with filling fraction u is 

r = V— e'^E^ . (6.1) 
2ti 

Given our previous identification of the Hall current with the chiral anomaly of the CFT 
on the cylinder, we recognize that the factor v has to appear also in the chiral anomaly 
equation 

{dt + vd,)pR = u-^E . (6.2) 

Comparing this with the bosonic representation ( p.26| ) of this equation, we conclude that 
the effective CFT for the description of an incompressible state with filling fraction z/ is 
given by ( p.l| ) with 

K = — = m . (6.3) 

V 
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We now explore the consequences of this identification. 

First of aU, we note that the Casimir energy Eq = —v/24R, and the corresponding 
quantum pressure P = —v/ASttR^ of the electron liquid depend on the filling fraction u 
only through the velocities v. An independent measurement of P and v for various filling 
fractions (z^ = 1 , ^ , ^ ) would thus provide an experimental confirmation of the generic 
relationship between incompressibility and conformal invariance for these states. 

Given the identification ( |6.3| ) , we can recognize the excitations about the incompress- 
ible state of filling fraction u = 1/m from the partition function ( p.l8D for p = m, q = 1. 
These are neutral, gapless edge excitations (boundary phonons) and quasi-particle and 
quasi-hole excitations with charges Qk = ^k/m, and conformal dimensions hk = /c^/2m, 
with k integer. As in eq. (|4.8| ), they yield the energy spectra 

AE„., = + 5^ + ^ . (6.4) 

The first term is the non-universal gap for charged excitations which can be again included 
by deforming the CFT as discussed in section 3. 

There are 2m basic charged excitations associated to the primary fields V±i, . . . , V±m- 
Repeating the arguments of section 4, we conclude that the excitations about the incom- 
pressible ground state of filling u = 1/m carry fractional charge 

Qk = ±- : (6.5) 

m 

and fractional statistics 

Ok = — mod 2 . (6.6) 

m 

Since m = odd integer, there is always the excitation Vm with the quantum numbers Q = 1 
and ^ = 1 of an electron. These results are in perfect agreement with Laughlin's theory, 
although they have been derived from a completely different point of view. Moreover, as 
already emphasized, conformal invariance leads to predictions on finite size effects, which 
are beyond the scope of the "plasma analogy" , the main computational tool in Laughlin's 
theory. These predictions are the universal Casimir energy and the 1 / /^-corrections to the 
gaps for quasi-particle and quasi-hole excitations of eq.(|6.4|). Note that all these quantities 
have the same (f/i?) -dependence. Therefore, the ratios (l/i2-parts) 

AEo,k 12P AEo,p u , fav^ 

— = , A F = ~' fe,P,? = 1,...,TO , 6.7 

Eq m AEo^q 
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are universal quantities depending only on the filling fraction. A measurement of these 
quantities, either by direct experiment or by numerical simulation, would be a new and 
further confirmation of the ideas presented in this paper. 

We thus conclude by stressing the importance of finite-size effects in the physics of 
the quantum Hall effect. 
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Appendix A. 



Direct derivation of long range order on the boundary 

In section 4, we showed how conformal invariance imphes algebraic long-range order 
in the density matrix for points zi, on the boundary of the droplet. Here we present the 
direct microscopic derivation of this result for filling fraction z/ = 1, thereby confirming 
the prediction of the CFT. Let us describe the steps of the derivation. 

The density matrix is 

p[zx,Z2) = (p\'^\zx)^{z2)\^) . for zi = Re'^\ Z2 = Re'^^ . (A.l) 

We let ^ oo together with the number of particles, = L + /i, taking for ease of 
computation eB = 2 {i.e., i = 1). The explicit computation is based on the steepest- 
descent approximation of the incomplete gamma function 7(0, x). One has 



p{z^,Z2) = le-i(l-l^+l-l^) V 

k=0 



e 

TT 



^2(L+1) 

IT" 



dt e^(-*+i°g*) e"^* 



(A.2) 



where (p = O2—O1 , and the integral in the second term is taken along a ray from the origin to 
the point e^^ in the complex t-plane. We used an integral representation of 7(1-|-L, R^e^^), 
i.e., of the confiuent hypergeometric function and made some changes of variables. 
Following reference [|3^, the asymptotic expansion of the integral for L —>■ 00, is obtained 



by deforming the integration contour along the steepest paths 

Im h{t) = Im h{to) , h{t) = -t + logt, t = x + iy , (A. 3) 

where to is one of the two end-points of integration. 

As a warming up exercise, let us first consider the case of the density p{z), i.e., z\ = Z2, 
4> = and also fj, = 0. The saddle point t = 1 is one integration end point, and the two 
steepest paths passing through it are the solutions of 

Im h{t) = —y -\- arctan — = , — > x = — ^ — , (A.4) 

X tany 
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namely, the line y = and a non-trivial curve for x < 1, ending at {x,y) = (0, if). The 
integration path in eq. (|A.2| ) coincides with the steepest path y = 0, and it is not deformed 



in this case. The saddle-point expansion of the integrand exp/i(t), including a factor 1/2 
for the half-path, gives 

Thus, 

2 1 „ /I 









\z\ = 













,2 

Actually, in the thermodynamic limit, the density of the droplet becomes a representation 
of the step function p{z) = -^OiL — whose mid-point regularized value is 1/2. 

In the case of the density matrix, </> 7^ 0, the steepest path going from t = to t = e^'^, 
is the unique solution to 

Im hit) = Im h{e'^) x = . (A.7) 

tan(|/ + (p — sincp) 

This path lies in the region x < 1, and connects the three points (x, y) = (0, ^ — (p + sin (p) , 
{cos(p, sin^) and (0, 0); so it is conveniently parametrized by y. One can show that Re h(t) 
is monotonically increasing in y, i.e., along the path. Therefore, after deforming the 
integral along this path, its asymptotic value is dominated by the integration region around 
the end-point t = e^'^ , where Re h(t = x{y) + iy) can be expanded to first order as 

dt e-^'^W-'^* 

~ exp(L(z(/>-e^^)-^e^'^) p^\y e^^^y-'-^^^'^^^ + z j (A.8) 



exp (L(z(^ - e^-^) - ;ue*'^) ^ 



L 1 - e^"^ ■ 

By collecting all factors, the asymptotic form of the density matrix ( |A.1D for points on the 
boundary is 

(n|*t(i2e^^i)vp(i?e^^.) |0) ^ ^^iR--,)ie.-e.) J^'^ , (i? ^ 00). (A.9) 



Upon using R — n = L, this is in agreement with the prediction ( |4.12| )of the CFT. 
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Figure captions 



Fig. 1 

The structure of the fiUed first Landau level in the disk geometry. All states up to angular 
momentum L are occupied. 

Fig. 2 

The expectation value of the charge density in units for the first Landau level filled 
up to L = 50 function of r/i. 

Fig. 3 

The expectation value of the transverse current in units 2m£'^) as a function of r/£ 
for the first Landau level filled up to L = 50. 

Fig. 4 

Typical one-particle spectrum for an annulus geometry of radii -Ri ~ iy/Li and R2 — i\/L2- 
Full dots denote occupied levels. 

Fig. 5 

Typical one-particle spectrum for the disk geometry of radius R ~ i^/Z- See eq. ( |2.18| ) . 
Fig. 6 

The one-body spectrum ei in eq.( |2.22|) for $ = 10. 
Fig. 7 

The conformal map from the Minkowskian cylinder {R9, t) to the conformal plane ry, see 
eq.(|3). 
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